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IRREDUCIBLE WITT MODULES FROM WEYL
MODULES AND gln-MODULES
GENQIANG LIU, RENCAI LU, KAIMING ZHAO
Abstract. For an irreducible module P over the Weyl algebraK+
n
(resp. Kn) and an irreducible module M over the general liner Lie
algebra gl
n
, using Shen’s monomorphism, we make P ⊗M into a
module over the Witt algebraW+
n
(resp. overWn). We obtain the
necessary and sufficient conditions for P ⊗M to be an irreducible
module over W+
n
(resp. Wn), and determine all submodules of
P ⊗ M when it is reducible. Thus we have constructed a large
family of irreducible weight modules with many different weight
supports and many irreducible non-weight modules over W+
n
and
Wn.
Keywords: irreducible module, gln, Shen’s monomorphism, weight mod-
ule, Weyl algebra
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1. Introduction
We denote by Z, Z+, N and C the sets of all integers, nonnegative
integers, positive integers and complex numbers, respectively.
Let n > 1 be an integer, A+n = C[t1, t2, · · · , tn] be the polynomial
algebra, and An = C[t
±1
1 , t
±1
2 , · · · , t
±1
n ] be the Laurent polynomial al-
gebra. The derivation Lie algebra W+n = Der(A
+
n ) is the Witt Lie
algebra or Cartan type Lie algebra of vector fields with polynomial
coefficients, while Wn = Der(An) is the Witt Lie algebra or Cartan
type Lie algebra of vector fields with Laurent polynomial coefficients.
These Lie algebras are colsely related to Jacobian conjecture, see [Z],
[HM]. The Cartan type Lie algebras of vector fields with formal power
series coefficients are the Lie algebras of infinite Lie groups which arose
in the work of Sophus Lie around 1870 and were further studied by
Elie Cartan in 1904–1908. The general theory of representations of the
Cartan type infinite-dimensional Lie algebras was initiated only in 1973
when A.N. Rudakov began the study of topological irreducible repre-
sentations of these Lie algebras, see [R1, R2]. Rudakov’s main result,
roughly speaking, is that all irreducible representations which satisfy a
natural continuity condition can be described explicitly as quotients of
induced modules. In 1999, I. Penkov and V. Serganova [PS] described
the supports of all irreducible weight modules over W+n . However,
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there are very few concrete examples of irreducible weight modules
over W+n for each possible weight support. There are qute a lot of
studies on representrations of Wn, see [BF], [BMZ], [E1], [E2], [GLZ],
[GZ], [L1-5], [MZ]. Recently, Billig and Futorny [BF] classified all irre-
ducible Harish-Chandra Wd-module, Cavaness and Grantcharov [CG]
determined all irreducible weight W+2 -modules with bounded weight
multiplicities. Our goal of the present paper is to construct irreducible
weight modules with many different weight sets and construct many
irreducible non-weight modules over W+n and Wn.
In 1986, Shen [Sh] constructed a Lie algebra monomorphism from
W+n (resp. Wn) to the semidirect product Lie algebra W
+
n ⋉ gln(A
+
n )
(resp. Wn⋉gln(An)) which are later called the full toroidal Lie algebras.
For an irreducible module P over the Weyl algebra K+n (resp. Kn) and
an irreducible module M over the general linear Lie algebra gln, using
Shen’s monomorphism, the tensor product F (P,M) = P⊗CM becomes
a W+n -module (resp. Wn-module), see (2.4). Let C
n be the natural n-
dimensional representation of gln and let V (δk, k) be its k-th exterior
power, k = 0, · · · , n. Note that V (δk, k) is an irreducible gln-module for
all k = 0, · · · , n. We show that F (P,M) is an irreducible module over
W+n if and only if M 6
∼= V (δk, k) for any k ∈ {0, 1, · · · , n}, see Theorem
3.1. The modules F (P, V (δk, k)) are generalization of the modules of
differential k-forms. These modules form the following complex
0 // F (P, V (δ0, 0))
π0
// F (P, V (δ1, 1))
π1
// · · ·
· · ·
πn−2
// F (P, V (δn−1, n− 1))
πn−1
// F (P, V (δn, n)) // 0.
The differential πk of the complex is a W
+
n -module (resp. Wn-
module) homomorphism. Thus the kernel of πk is a submodule of
F (P, V (δk, k)). As a result, for 1 6 k 6 n−1, we see that F (P, V (δk, k))
are reducibleW+n -modules (resp. Wn-module). Moreover, F (P, V (δ0, 0))
is irreducible if and only if P is not isomorphic to the natural module
A+n (resp. An). The module F (P, V (δn, n)) is irreducible if and only if∑n
k=1 ∂kP = P , see theorem 3.5.
The paper is organized as follows. In Section 2, we recall the def-
inition of the Witt algebras W+n and Wn, and the Lie algebra homo-
morphism from W+n (resp. Wn) to the full toroidal Lie algebra, which
was first constructed by Shen in 1986, see [Sh]. In Section 3, we prove
the necessary and sufficient conditions for the W+n -modules (resp. Wn-
module) F (P,M) to be simple, and determine all their submodules
when they are reducible. In Section 4 we give a couple of examples
using our established results.
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2. Preliminaries
We fix the vector space Cn of n × 1 complex matrices. Denote the
standard basis by {ǫ1, ǫ2, ..., ǫn}.
2.1. Witt algebras W+n and Wn. Let ∂i =
∂
∂ti
for any i = 1, 2, · · · , n.
Recall that the classical Witt algebra Wn =
∑n
i=1An∂i has the follow-
ing Lie bracket:
[
n∑
i=1
fi∂i,
n∑
j=1
gj∂j ] =
n∑
i,j=1
(fj∂j(gi)− gj∂j(fi))∂i,
where all fi, gj ∈ An, and W
+
n =
∑n
i=1A
+
n ∂i is a subalgebra of Wn. It
is well-known that both Wn and W
+
n are simple Lie algebras.
2.2. Finite-dimensional gln-modules. We denote by Ei,j the n× n
square matrix with 1 as its (i, j)-entry and 0 as other entries. We know
that the general linear Lie algebra
gln =
∑
16i,j6n
CEi,j.
Let H = span{Eii | 1 ≤ i ≤ n} and h = span{hi | 1 ≤ i ≤ n− 1} where
hi = Eii − Ei+1,i+1.
Let Λ+ = {λ ∈ h∗ | λ(hi) ∈ Z+ for i = 1, 2, ..., n − 1} be the set of
dominant weights with respect to h. For any ψ ∈ Λ+, let V (ψ) be the
simple sln-module with highest weight ψ. We make V (ψ) into a gln
module by defining the action of the identity matrix I as some scalar
b ∈ C. We denote the resulting gln-module as V (ψ, b).
Define the fundamental weights δi ∈ h
∗ by δi(hj) = δi,j for all i, j =
1, 2, ..., n−1. It is well-known that the module V (δ1, 1) can be realized
as the natural representation of gln on C
n (the matrix product), which
we can write as Ejiel = δliej . In particular,
(2.1) (ruT )v = (u|v)r, ∀ u, v, r ∈ Cn,
where uT is the transpose of u, and (u|v) = uTv is the standard bilinear
form on Cn. The exterior product
∧k(Cn) = Cn ∧ · · · ∧ Cn (k times)
is a gln-module with the action given by
X(v1 ∧ · · · ∧ vk) =
k∑
i=1
v1 ∧ · · · vi−1 ∧Xvi · · · ∧ vk, ∀ X ∈ gln,
and the following gln-module isomorphism is well known:
dk (2.2)
∧k
(Cn) ∼= V (δk, k), ∀ 1 6 k 6 n− 1.
For convenience of late use, we let V (δ0, 0) be the 1-dimensional trivial
gln-module. We set
∧0(Cn) = C and v∧ a = av for any v ∈ Cn, a ∈ C.
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2.3. Full toroidal algebras and Shen’s monomorphism. Now we
have the general linear Lie algebras
gln(A
+
n ) =
n∑
i,j=1
A+nEi,j , gln(An) =
n∑
i,j=1
AnEi,j
over the commutative associative algebras A+n and An respectively, and
the full toroidal Lie algebras (see [EJ])
Ŵ+n = W
+
n ⋉ gln(A
+
n ), Ŵn = Wn ⋉ gln(An)
with Lie brackets
[d1 + f1A1, d2 + f2A2] = [d1, d2] + d1(f2)A2 − d2(f1)A1 + f1f2[A1, A2]
for d1, d2 ∈ Wn, A1, A2 ∈ gln, and f1, f2 ∈ An.
The following Lie algebra monomorphism was given by Shen in 1986,
see [Sh].
lemma2.1 Lemma 2.1 (Shen’s monomorphism). The linear map τ : Wn → Ŵn
given by
τ(
n∑
i=1
fi∂i) =
n∑
i=1
fi∂i +
n∑
i,j=1
∂i(fj)Ei,j, ∀fi ∈ An
is a Lie algebra monomorphism.
Note that the restriction of the above homomorphism τ :W+n → Ŵ
+
n
is also a Lie algebra homomorphism.
We have the following useful formula for any α = (α1, . . . , αn)
T ∈ Zn:
(2.3) τ(tα∂j) = t
α∂j +
n∑
i=1
∂i(t
α)Eij ,
where tα = tα11 · · · t
αn
n .
2.4. The Weyl algebras K+n ,Kn and Witt modules. The Weyl
algebra K+n is the simple associative algebra C[t1, · · · , tn, ∂1, · · · , ∂n],
while Kn is the simple associative algebra C[t
±1
1 , · · · , t
±1
n , ∂1, · · · , ∂n].
Let P be a module over the associative algebra K+n (resp. Kn) and
M be a gln-module. Then the tensor product
F (P,M) = P ⊗C M
becomes a Ŵ+n -module (resp. Wn-module) with the action
(d+ fA)(g ⊗ v) = d(g)⊗ v + fg ⊗ A(v)
for d ∈ Wn, f ∈ An, g ∈ P, A ∈ gln and v ∈ M. Thus we have the
following W+n -module (resp. Wn-module) structure on F (P,M):
y ◦ (g ⊗ v) = τ(y)(g ⊗ v), ∀y ∈ Wn, g ∈ V, v ∈M.
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Particularly we have
Action1 (2.4) (tα∂j) ◦ (g ⊗ v) = ((t
α∂j)g)⊗ v +
n∑
i=1
(∂i(t
α)g)⊗ Eij(v)
for all α ∈ Zn, g ∈ P and v ∈M.
From
Action2 (2.5) (tj∂j) ◦ (g ⊗ v) = (tj∂jg)⊗ v + g ⊗ Ejj(v)
we can see that F (P,M) is a weight module if and only ifM is a weight
gln-module and P is a weight K
+
n -module (resp. Kn-module).
When M is the 1-dimensional trivial gln-module, from Theorems 6
and 12 in [TZ] we know that F (P,M) is an irreducible W+n -module
(resp. Wn-module) if and only if P is a simple K
+
n -module (resp. Kn-
module) that is not isomorphic to the natural K+n -module A
+
n (resp.
Kn-module An).
In this paper, we will determine necessary and sufficient conditions
for the module F (P,M) to be irreducible over W+n (resp. over Wn).
3. Irreducibility of the modules F (P,M)
In this section, we will find necessary and sufficient conditions for
the module F (P,M) to be irreducible over W+n (resp. over Wn), as
well as determine all submodules of F (P,M) when it is reducible.
thm-2.1 Theorem 3.1. Let P be an irreducible K+n -module (resp. Kn-module),
M an irreducible gln-module that is not isomorphic to V (δr, r) for any
r ∈ {0, 1, · · · , n}. Then F (P,M) is an irreducible module over W+n
(resp. over Wn).
Proof. We will prove this result only for W+n since the proof is valid
also for Wn, even simpler.
Let V be a nonzero properW+n -submodule of F (P,M). Let
∑q
k=1 pk⊗
wk be a nonzero element in V . (Later we will assume that p1, . . . , pq
are linear independent.)
Claim 1. For any u ∈ K+n , 1 ≤ i, j, l ≤ n, we have
q∑
k=1
(upk)⊗ (δliElj −EliElj)wk ∈ V.
For any m ∈ {0, 1, 2}, and β = (b1, . . . , bn) ∈ Z
n
+ with bl ≥ 2, we
have
(tmǫl∂i)◦(t
β−mǫl∂j)◦
q∑
k=1
(pk ⊗ wk)
=
q∑
k=1
(tmǫl∂i)◦
(
tβ−mǫl∂jpk ⊗ wk +
n∑
s=1
∂s(t
β−mǫl)pk ⊗ Esjwk
)
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=
q∑
k=1
(tmǫl∂i)◦
(
tβ−mǫl∂jpk ⊗ wk+
n∑
s=1
(βs −mδs,l)(t
β−mǫl−ǫspk ⊗ Esjwk)
)
=
q∑
k=1
(tmǫl∂it
β−mǫl∂jpk ⊗ wk +mt
β−ǫl∂jpk ⊗ Eliwk)
+
q∑
k=1
n∑
s=1
(βs −mδs,l)
(
tmǫl∂it
β−mǫl−ǫspk ⊗Esjwk
+mtβ−ǫl−ǫspk ⊗EliEsjwk
)
=
q∑
k=1
(
(βi −mδil)t
β−ǫi∂jpk ⊗ wk+t
β∂i∂jpk ⊗ wk+mt
β−ǫl∂jpk ⊗ Eliwk
)
+
q∑
k=1
n∑
s=1
(βs −mδs,l)
(
(βi −mδil − δis)t
β−ǫs−ǫipk ⊗ Esjwk
+ tβ−ǫs∂ipk ⊗Esjwk +mt
β−ǫl−ǫspk ⊗ EliEsjwk
)
= m2
q∑
k=1
tβ−2ǫlpk ⊗ (δliElj − EliElj)wk +mu1 + u0 ∈ V,
where u1, u0 is determined by β, i, j, w and independent of m. Taking
m = 0, 1, 2 and considering the coefficient of m2, we have that
T1 (3.1) Tα,i,j◦(
q∑
k=1
pk ⊗ wk) =
q∑
k=1
tαpk ⊗ (δliElj −EliElj)wk ∈ V,
for all α ∈ Zn+, l = 1, 2, . . . , n, where
Tα,i,j =
1
2
((t2ǫl∂i)(t
α∂j))− 2(t
ǫl∂i)(t
α+ǫl∂j) + (∂i)(t
α+2ǫl∂j) ∈ U(W
+
n ).
Consequently, from the action of ∂s on M , we see that
T2 (3.2)
q∑
k=1
(∂st
αpk)⊗ (δliElj −EliElj)wk ∈ V, ∀α ∈ Z
n
+, s = 1, . . . , n.
From (3.1), (3.2) and the fact that K+n is generated by ti, ∂s, with
i, s = 1, . . . , n, we deduce that
T3 (3.3)
q∑
k=1
(upk)⊗ (δliElj −EliElj)wk ∈ V, ∀ u ∈ K
+
n .
Then Claim 1 follows.
Claim 2. If p1, . . . , pq are linear independent, then for any 1 ≤ i, j, l ≤
n, and any k = 1, . . . , q, we have
(δliElj − EliElj)wk = 0.
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Since P is an irreducible K+n -module, by the density theorem in ring
theory, for any p ∈ P , there is a uk ∈ K
+
n such that
ukpi = δikp, i = 1, . . . , q.
From Claim 1 we see that P ⊗ (δliElj − EliElj)wk ⊆ V.
Let M1 = {w ∈M |P ⊗ w ⊆ V }. For any p⊗ w ∈ V , from
(tj∂i)◦(p⊗ w) = (tj∂ip⊗ w + p⊗ Eji(w)) ∈ V, ∀ w ∈M1,
we see thatM1 is a gln-submodule ofM , which has to be 0 orM . Since
V is a proper submodule of F (P,M), we must have that
M1 = 0.
Claim 2 follows.
From now on we assume that p1, . . . , pq are linear independent.
Claim 3. For any 1 ≤ i, j, l ≤ n, we have (δliElj − EliElj)(M) = 0.
From
ts∂m◦(
q∑
k=1
pk ⊗ wk) ∈ V,
we have
q∑
k=1
(ts∂mpk ⊗ wk + pk ⊗Esmwk) ∈ V.
By Claim 1, we obtain
q∑
k=1
(uts∂mpk ⊗ (δliElj −EliElj)wk + upk ⊗ (δliElj −EliElj)Esmwk) ∈ V.
By Claim 2 we have
q∑
k=1
upk ⊗ (δliElj − EliElj)Esmwk ∈ V,
for all u ∈ K+n . Since pi’s are linearly independent, by taking different
u in the above formula, we deduce that
P ⊗ (δliElj −EliElj)Esmwk ∈ V, k = 1, . . . , q.
This means that
(δliElj −EliElj)Esmwk ⊆M1, ∀ l, i, j, s,m.
Now M1 = 0. So
(δliElj − EliElj)Esmwk = 0, ∀ l, i, j, s,m, k.
By repeatedly doing this procedure we deduce that
(δliElj −EliElj)U(gln)wk = 0, ∀ l, i, j, k.
Since M is an irreducible gln-module, we obtain that
(δliElj − EliElj)M = 0, ∀ l, i, j.
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Claim 3 follows.
Consequently
(Eii − 1)EiiM = E
2
liM = 0, ∀ i, l with i 6= l.
By Lemma 2.3 in [LZ], we see thatM is finite dimensional, i.e., M is
a highest weigh gln-module with highest weight µ ∈ Λ
+. Suppose that
vµ is a highest weight vector of M , i.e., Eiivµ = µivµ for i = 1, . . . , n.
Then µi(µi − 1) = 0, i.e., µi = 0 or 1. Since µ ∈ Λ
+, we see that
µi ≥ µi+1. Thus there is an r : 1 ≤ r ≤ n such that µi = 1 for all
i ≤ r, and µi = 0 for all i > r. So M has highest weight δr with b = r,
contradicting the assumption on M . The theorem follows. 
We know that V (δ0, b) = Cv is the one dimensional gln-module such
that the identity matrix I acts by the scalar b. Note that V (δ0, n) =
V (δn, n). As vector spaces F (P, V (δ0, b)) ∼= P . By (2.4), the action of
W+n (resp. Wn) on F (P, V (δ0, b)) is given by
(tα∂j)◦(g) = t
α(∂jg) +
bαj
n
tα−ǫj (g), ∀ g ∈ P.
By Theorem 3.1, the module F (P, V (δ0, b)) over W
+
n (resp. Wn) is
irreducible if b 6= 0, n.
Next we will study the structure of the W+n -modules (resp. Wn-
modules) F (P, V (δk, k)) for k = 0, 1, 2, · · · , n.
2.2 Lemma 3.2. Let P be a module over the associative algebra K+n (resp.
Kn). Then for k = 0, 1, 2, . . . , n − 1, we have W
+
n -module (resp. Wn-
module) homomorphisms
πk : F (P, V (δk, k))→ F (P, V (δk+1, k + 1)),
p⊗ w 7→
n∑
l=1
(∂l · p)⊗ (ǫl ∧ w), ∀p ∈ P,w ∈M.
Furthermore, πk+1πk = 0.
Proof. From
(tβ∂i)◦(p⊗ w) = ((t
β∂i) · p)⊗ w +
n∑
s=1
(∂s(t
β) · p)⊗Esiw,
we have
πk((t
β∂i)◦(p⊗w))=
n∑
l=1
(∂lt
β∂i)p⊗ (ǫl ∧w)+
n∑
l=1
n∑
s=1
∂l∂s(t
β)p⊗ ǫl ∧Esiw.
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We compute
(tβ∂i)◦πk(p⊗ w) = (t
β∂i)◦(
n∑
l=1
(∂l · p)⊗ (ǫl ∧ w))
=
n∑
l=1
((tβ∂i) · ∂l · p)⊗ (ǫl ∧ w) +
n∑
l=1
n∑
s=1
∂s(t
β)(∂l · p)⊗ Esi(ǫl ∧ w)
=
n∑
l=1
((∂lt
β∂i − ∂l(t
β)∂i) · p)⊗ (ǫl ∧ w)
+
n∑
l=1
n∑
s=1
∂s(t
β)(∂l · p)⊗ (Esiǫl) ∧ w
+
n∑
l=1
n∑
s=1
∂s(t
β)(∂l · p)⊗ (ǫl ∧ Esiw)
=
n∑
l=1
((∂lt
β∂i − ∂l(t
β)∂i) · p)⊗ (ǫl ∧ w)
+
n∑
s=1
∂s(t
β)(∂i · p)⊗ (ǫs ∧ w) +
n∑
l=1
n∑
s=1
(∂l · ∂s(t
β) · p)⊗ (ǫl ∧ Esiw)
−
n∑
l=1
n∑
s=1
(∂l(∂s(t
β)) · p)⊗ (ǫl ∧ Esiw)
= πk((t
β∂i)◦(p⊗ w)).
Note that in the last equation we have used ǫl ∧ Esiw + ǫs ∧ Eliw = 0
for all s, l = 1, 2, . . . , n. It is easy to see that πk+1πk = 0. 
Corollary 3.3. Let P be an irreducible module over the associative
algebra K+n (resp. Kn-modules). Then the W
+
n -module (resp. Wn-
module) F (P, V (δr, r)) is not irreducible for r = 1, 2, . . . , n− 1.
Proof. If ∂i(P ) = 0 for some i = 1, 2, · · · , n, from
0 = ∂i(tip) = p+ ti(∂i(p)), ∀p ∈ P
we deduce that P = 0 which contradicts the fact that P is simple.
Thus ∂i(P ) 6= 0 for i = 1, 2, · · · , n − 1, n. From Lemma 3.2, we see
that Imπi 6= 0 for i = 1, 2, · · · , n − 1. Then from πr+1πr = 0 for r =
0, . . . , n−2, we have Imπr is a proper submodule of F (P, V (δr+1, r+1)).
Thus the module F (P, V (δr, r)) is not simple for r = 1, 2, . . . , n−1. 
For simplicity, let Ln(P, r) = πr−1(F (P, V (δr−1, r − 1)) for r =
1, 2, . . . , n and set Ln(P, 0) = 0. By the definition of π, we can see
that Ln(P, r) is spanned by
2.4’ (3.4)
n∑
k=1
(∂kp)⊗ ǫk ∧ ǫi2 ∧ · · · ∧ ǫir =
n∑
k=1
(∂kp)⊗ Ekjw,
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where p ∈ P , and j is chosen so that w = ǫj ∧ ǫi2 ∧ · · · ∧ ǫir 6= 0.
Therefore for all j = 0, 1, 2, . . . , n; p ∈ P,w ∈ V (δr, r) we have
(3.5)
n∑
k=1
(∂kp)⊗ Ekjw ∈ Ln(P, r),
2.6 (3.6) tγ∂j(p⊗ w) + Ln(P, r) =
n∑
s=1
tγ∂sp⊗ (δj,sw − Esjw) + Ln(P, r),
for any γ ∈ Zn. Let
L˜n(P, r) = {v ∈ F (P, V (δr, r)) | W
+
n v ⊆ Ln(P, r)}
for W+n , and
L˜n(P, r) = {v ∈ F (P, V (δr, r)) | Wnv ⊆ Ln(P, r)}
for Wn. Since W
+
n = [W
+
n ,W
+
n ] and Wn = [Wn,Wn], we see
2.9 (3.7) L˜n(P, r) = {v ∈ F (P, V (δr, r)) | W
+
n v ⊆ L˜n(P, r)}
for W+n , and
L˜n(P, r) = {v ∈ F (P, V (δr, r)) | Wnv ⊆ L˜n(P, r)}
for Wn. It is clear that L˜n(P, r)/Ln(P, r) is either zero or a trivial
module.
lemma-2.5 Lemma 3.4. Let P be an irreducible module over the associative alge-
bra K+n (resp. Kn). Then the module F (P, V (δr, r))/L˜n(P, r) over W
+
n
(resp. Wn) is either 0 or irreducible for any r = 0, 1, 2, . . . , n.
Proof. Suppose that F (P, V (δr, r))/L˜n(P, r) 6= 0. Let V be any sub-
module of F (P, V (δr, r)) with L˜n(P, r) ( V . Take
v =
q∑
k=1
pk ⊗ wk ∈ V \L˜n(P, r).
From (3.7) there exists some tβ∂j such that t
β∂jv 6∈ L˜n(P, r). From
(3.6) we have
2.9’ (3.8) tγ+β∂j · v ≡
q∑
k=1
n∑
s=1
tγ+β∂spk ⊗ (δj,swk − Esjwk) mod L˜n(P, r).
Let v1 =
∑q
k=1
∑n
s=1 t
β∂spk⊗(δj,swk−Esjwk) which is nonzero. Taking
γ = 0 in (3.8) we see that v1 6∈ L˜n(P, r). Noting that t
γ+β∂j · v ∈ V
and from (3.8) we see that
q∑
k=1
n∑
s=1
xtβ∂spk ⊗ (δj,swk − Esjwk) ∈ V, ∀ x ∈ K
+
n (resp. ∀x ∈ Kn).
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Now by the Density Theorem, we have P ⊗ w ⊆ V for some 0 6= w ∈
V (δr, r). Let M1 = {w ∈ V (δr, r)|P ⊗ w ⊆ V }. We see that M1 6= 0.
Again from
(tj∂i)◦(p⊗ w) = (tj∂ip⊗ w + p⊗Eji(w)) ∈ V, ∀w ∈ M1, p ∈ P,
we see that M1 is a gln-submodule of V (δr, r). Thus M1 = V (δr, r).
Consequently, V = F (P, V (δr, r)). Then F (P, V (δr, r))/L˜n(P, r) is an
irreducible W+n -module (resp. Wn-module). 
3.5 Theorem 3.5. Let P be an irreducible module over the associative al-
gebra K+n (resp. Kn). Then
(1). L˜n(P, r) = kerπr for all r = 0, 1, 2, . . . , n− 1;
(2). F (P, V (δr, r))/L˜n(P, r) are irreducible for all r = 0, 1, . . . , n−1;
(3). Ln(P, r) are irreducible for all r = 1, 2, . . . , n, and further,
F (P, V (δr−1, r − 1))/L˜n(P, r − 1) ≃ Ln(P, r);
(4). F (P, V (δ0, 0)) = P is irreducible if P is not isomorphic to the
natural module A+n (resp. An), and A
+
n /Ct
0 (resp. An/Ct
0) is
irreducible;
(5). F (P, V (δn, n)) is irreducible if and only if
∑n
k=1 ∂kP = P . If
F (P, V (δn, n)) is not irreducible, then F (P, V (δn, n))/Ln(P, n)
is a trivial module.
Proof. (1). We first prove that L˜n(P, r) ⊆ kerπr.
For any v ∈ L˜n(P, r), we know that (t
β∂j)v ∈ Ln(P, r). Then
(tβ∂j)(πrv) = πr((t
β∂j)v) = 0. In particular, we have ∂j(πrv) = 0, for
all j = 1, 2, . . . , n, which implies πr(v) = 0 if P 6∼= A
+
n (resp. P 6
∼= An).
Now suppose that P ∼= A+n (resp. P
∼= An). Then we have
πr(v) = 1⊗ w ∈ 1⊗ V (δr+1, r + 1)
for some w ∈ V (δr+1, r + 1). Thus
πr(v) = 1⊗ w =
1
r + 1
(t1∂1 + t2∂2 + . . .+ tn∂n)(1⊗ w)
=
1
r + 1
(t1∂1 + t2∂2 + . . .+ tn∂n)πr(v)
= 0.
So L˜n(P, r) ⊆ kerπr.
Since πr 6= 0, using Lemma 3.4 we deduce that L˜n(P, r) = kerπr, for
all r = 0, 1, 2, . . . , n− 1. Part (1) follows.
Now we consider the module homomorphism sequence:
0→ F (P, V (δ0, 0))→ F (P, V (δ1, 1))→ · · ·
→ F (P, V (δn−1, n− 1))→ F (P, V (δn, n))→ 0.
Part (2) follows from Lemma 3.4 and the fact that πr 6= 0.
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Part (3) follow from Lemma 3.4, the above module homomorphism
sequence and (1).
(4). This follows from Theorems 6 and 12 in [TZ].
(5). From (3) and Lemma 3.4, we know that F (P, V (0, n)) is simple
if and only if F (P, V (0, n)) = Ln(P, n). From (3.4) we have
Ln(P, n) = (
n∑
i=1
∂iP )⊗ (ǫ1 ∧ · · · ∧ ǫn).
Thus F (P, V (0, n)) is simple if and only if P =
∑n
i=1 ∂iP .
The other statement in Part (5) is obvious. This completes the proof
of Part (5). 
Now we summarize our established results into the following
Cor3.6 Corollary 3.6. Let P be an irreducible K+n -module (resp. Kn-module),
M an irreducible module over gln. Then
(a). F (P,M) is an irreducible W+n -module (resp. Wn-module) if
M 6∼= V (δr, r) for any r ∈ {0, 1, · · · , n}.
(b). F (P, V (δ0, 0)) = P is irreducible if and only if P is not isomor-
phic to the natural module A+n (resp. An).
(c). F (P, V (δn, n)) is irreducible if and only if
∑n
k=1 ∂kP = P .
(d). F (P, V (δr, r)) is not irreducible if r = 1, 2, · · · , n− 1.
Next, we will give the isomorphism criterion for two irreducible mod-
ules F (P,M).
Lemma 3.7. Let P, P ′ be irreducible K+n -modules (resp. Kn-modules)
and M,M ′ be irreducible gln(C)-modules. Suppose that M 6
∼= V (δr, r)
for r = 0, 1, 2, . . . , n. Then F (P,M) ∼= F (P ′,M ′) if and only if P ∼= P ′
and M ∼= M ′.
Proof. We will prove this result only for W+n since the proof is valid
also for Wn.
The sufficiency is obvious. Now suppose that
ψ : F (P,M)→ F (P ′,M ′)
is an isomorphism of W+n -modules. Let 0 6= p⊗ w ∈ F (P,M). Write
ψ(p⊗ w) =
q∑
i=1
p′i ⊗ w
′
i
with p′1, . . . , p
′
q linearly independent. Similar to (3.3), we have
T3’ (3.9) ψ(xp⊗ (δliElj −EliElj)w) =
q∑
k=1
xp′k ⊗ (δliElj −EliElj)w
′
k,
For all 1 ≤ i, j, l ≤ n and x ∈ K+n . Note that we have assumed
that M 6∼= V (δr, r) for r = 0, 1, 2, . . . , n. Then we may assume that
(δliElj − EliElj)w 6= 0 for some l, i, j. Since p
′
1, . . . , p
′
q are linearly
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independent, from the Density Theorem, we can find y ∈ K+n so that
ypi = δi1p1, i.e.,
ψ(yp⊗ (δliElj −EliElj)w) = yp1 ⊗ (δliElj − EliElj)w
′
1 6= 0.
Replacing x with xy in (3.9), then replacing p with yp, w with (δliElj−
EliElj)w, p1 with p
′, and (δliElj − EliElj)w
′
1 with w
′ we have that
p⊗ w 6= 0 and
ψ(xp⊗ w) = xp′ ⊗ w′, ∀x ∈ K+n .
Therefore ψ1 : P → P
′ with ψ1(xp) = xp
′ is a well-defined map. Since
P and P ′ are irreducible K+n -modules, so
Ann
K
+
n
(p) = Ann
K
+
n
(p′), and P ≃ K+n /AnnK+n (p) ≃ P
′.
Thus ψ1 is an isomorphism of K
+
n -modules. We have
3.1 (3.10) ψ(p⊗ w) = ψ1(p)⊗ w
′, ∀p ∈ P.
Now from ti∂jψ(p ⊗ w) = ψ((ti∂j)(p ⊗ w)) and (3.10), we deduce
that
(3.11) ψ(p⊗ Eijw) = ψ1(p)⊗Eijw
′, ∀p ∈ P, i, j = 1, 2, . . . , n.
In this manner we obtain that
(3.12) ψ(p⊗ yw) = ψ1(p)⊗ yw
′, ∀p ∈ P, y ∈ U(gln).
So we have AnnU(gln)(w) = AnnU(gln)(w
′). Since W and W ′ are irre-
ducible U(gln)-modules we obtain that
M ≃ U(gln)/AnnU(gln)(w) ≃M
′.

4. Examples
It is known that the Weyl algebra K+n is a simple Noetherian al-
gebra of Gelfand Kirillov dimension 2n. Bernstein has shown that
GK(P ) > n for any nonzero finitely generated K+n -module P , see [BE].
A module P is called holonomic if GK(P ) = n. Irreducible holonomic
K+2 -modules are classified in [BV]. Classifying all irreducible holonomic
K+n -modules for n > 2 is sill open.
Block classified irreducible K+1 -modules, up to irreducible elements
in K+1 , see [B]. All irreducible K
+
1 -modules are holonomic. Note that
the n-th Weyl algebra K+n is the tensor product of rank 1 Weyl alge-
bras C[t1, ∂1], C[t2, ∂2], . . . ,C[tn, ∂n]. By tensoring irreducible C[ti, ∂i]-
modules Vi, one obtains an irreducible holonomic K
+
n -module V1⊗· · ·⊗
Vn.
There are a lot of infinite dimensional irreducible gln-modules known.
See, for example, [FGR], [MS], [GS], [N].
Example 4.1 It is known (see [FGM]) that any irreducible weight
K+1 -module is isomorphic to one of the following
tλ11 C[t
±1
1 ], λ1 6∈ Z, C[t1], C[t
±1
1 ]/C[t1].
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Since K+n is the tensor product of the rank 1 Weyl algebras, every
irreducible weight K+n -module is isomorphic to V1 ⊗ · · · ⊗ Vn, where
each Vi is an irreducible weight C[ti, ∂i]-module. By Theorem 2.1, for
an irreducible gln-module M , we have that F (V1 ⊗ · · · ⊗ Vn,M) is an
irreducible module over W+n if M 6
∼= V (δr, r) for any r ∈ {0, 1, · · · , n}.
In this way, we have constructed a lot of irreducible weight modules
with many different weight supports.
Example 4.2 For Λn = (λ1, λ2, · · · , λn) ∈ (C
∗)n, denote by Ω(Λn) =
C[x1, x2, · · · , xn] the polynomial algebra over C in commuting indeter-
minates x1, x2, · · · , xn. The action of K
+
n -module on Ω(Λn) is defined
by
∂i · f(x1, · · · , xn) = λ
−1
i (xi + 1)f(x1, · · · , xi + 1, · · · , xn),
ti · f(x1, · · · , xn) = λif(x1, · · · , xi − 1, · · · , xn),
where f(x1, · · · , xn) ∈ Ω(Λn), i = 1, 2, · · · , n. Then Ω(Λn) is an irre-
ducible Whittaker module over K+n , see Example 3.15 in [BO]. One
can see that ti∂i acts freely on Ω(Λn). Note that
n∑
i=1
∂i(Ω(Λn)) 6= Ω(Λn)
and Ω(Λn) 6≃ A
+
n . Thus F (Ω(Λn),M) is an irreducible non-weight
module over W+n if and only if M 6
∼= V (δr, r) for any r ∈ {1, · · · , n}.
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